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THOMPSON'S GROUP F IS NOT KÄHLER
TERRENCE NAPIER
∗
AND MOHAN RAMACHANDRAN
Dediated to Ross Geoghegan in honor of his 60
th
birthday.
Abstrat. The purpose of this note is to prove that Rihard Thompson's group F and
variants of it studied by Ken Brown are not Kähler groups.
Introdution
The purpose of this note is to prove the following:
Theorem 0.1. Thompson's group F and the generalizations Fn,∞ and Fn for n = 2, 3, 4, . . .
are not Kähler.
Theorem 0.1 answers a question of Ross Geoghegan (see Ken Brown's paper in these
proeedings [Br2℄).
Thompson disovered the group F in 1965 in the ontext of his work in mathematial
logi. Brown and Geoghegan [BrGe℄ determined that F is of type FP∞, thus making F
the rst known example of a torsion free group of type FP∞ whih is not of type FP . The
group F has also appeared in homotopy theory [FH℄. For more details on the properties
and history of Thompson's groups F , Fn,∞, and Fn, the reader may refer to [CFP℄, [Br1℄,
[BG℄, and [BrGe℄.
A nitely presented group is alled a Kähler group if it is the fundamental group of a
ompat Kähler manifold. A entral problem in the study of the topology of ompat
Kähler manifolds (for example, smooth projetive varieties) is that of determining whih
groups are Kähler groups. For example, aording to Hodge theory, the Abelianization of
a Kähler group must be of even rank (see, for example, [W℄). By [ArBR℄, a Kähler group
has at most one end. If M is any Hopf surfae, then M is a non-Kähler ompat omplex
manifold whih has fundamental group Z and 2-ended universal overing C2 \ {0}. The
Heisenberg group H of 3 × 3 upper triangular integer matries with diagonal entries 1
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has exatly one end and its Abelianization is of rank 2, but H is not a Kähler group
(see, for example, [JR℄ or [Ar℄). On the positive side, any nite group is the fundamental
group of a smooth projetive variety. For any positive integer g, the group 〈a1, a2, . . . , a2g |
[a1, ag+1] · · · · · [ag, a2g] = 1〉 is the fundamental group of a urve of genus g. In fat, muh
more subtle examples are now known to exist; for example, Toledo's examples of Kähler
groups whih are not residually nite [T℄. The problem is, of ourse, related to that of
determining whih groups are fundamental groups of smooth projetive varieties. In fat,
there are no known examples of Kähler groups whih are not also fundamental groups of
smooth projetive varieties. For more details on the study of Kähler groups, the reader
may refer to the surveys [AmBCKT℄ and [Ar℄.
We give two proofs that Thompson's group F is not Kähler. The rst proof (Setion 1)
relies on the partiular properties of F . The seond proof (Setion 2) gives the following
more general fat whih may eventually yield a proof that other groups of interest are not
Kähler:
Theorem 0.2. Let G be a group whih satises the following:
(i) Any nontrivial normal subgroup ontains the ommutator subgroup G
om
(i.e. every
proper quotient of G is Abelian), and
(ii) G is a properly asending HNN extension.
Then G and any group ontaining G as a subgroup of nite index are not Kähler.
Sine Fn,∞ (F = F2,∞ = F2) satises the above onditions (i) and (ii) and Fn,∞ is a
(normal) subgroup of nite index in Fn for every n ≥ 2 (see, for example, [CFP℄ and
[BG℄), Theorem 0.1 is a onsequene of Theorem 0.2.
Aknowledgement. We would like to thank Ken Brown and Ross Geoghegan for answering
our questions about Thompson's group F and Ross Geoghegan for asking the question
that this paper answers. We would also like to thank John Meier for trying to teah us
right from wrong in geometri group theory. Finally, we would like to thank the referee
for helpful omments.
1. First proof
For the purposes of this note, X will denote a onneted ompat Kähler manifold and
C will denote a onneted ompat urve (i.e. a ompat 1-dimensional omplex manifold).
A remark we will use without omment is a nononstant holomorphi map from X to C
is surjetive and open.
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Let f : X → C be a surjetive holomorphi map with onneted bers. Let { p1, . . . , pr}
be the set of ritial values of f and let mi be the greatest ommon divisor of the mul-
tipliities of the omponents of the divisor f−1(pi) for eah i = 1, . . . , r. Let C
orb
be
the 2-orbifold with underlying topologial spae C and singular points p1, . . . , pr of order
m1, . . . , mr, respetively. Note that C
orb
has a unique struture of a omplex 1-orbifold so
that the map f is holomorphi. We reall that, in this situation (see [Ct℄, [Si℄), the orbifold
fundamental group piorb1 (C) is the quotient of pi1(C − { p1, . . . , pr }) by the normal losure
of { γmii | i = 1, . . . , r }, where γi is a simple loop around the point pi for eah i.
Let G = pi1(X). The kernel K of the surjetive homomorphism pi1(X) → pi
orb
1 (C) is
the image in G of the fundamental group of a general ber of f . In partiular, K is a
nitely generated normal subgroup of G. If the underlying topologial surfae of C has
positive genus, then piorb1 (C) is Z
2
or a oompat Fuhsian group. Summing up, we have
the following:
Lemma 1.1. For G = pi1(X), we have an exat sequene
1 → K → G→ piorb1 (C) → 1,
where K is nitely generated. If C has positive genus, then piorb1 (C) is either Z
2
or a
oompat Fuhsian group.
In both proofs of Theorem 0.1, the main point leading to a ontradition is that, if
F = pi1(X) for X Kähler, then X admits suh a mapping f : X → C. In the rst proof,
the main features of the group F whih we will use are (see [CFP℄):
1. F is torsion free;
2. The ommutator subgroup F
om
is not nitely generated;
3. Any nontrivial normal subgroup ontains F
om
; and
4. The Abelianization F/F
om
is Z2.
First proof of Theorem 0.1. If F = pi1(X) for some onneted ompat Kähler manifold
X , then, sine the Abelianization F/F
om
of F is Z2 (property 4), the Albanese variety is
an ellipti urve E. Stein fatoring the Albanese map h : X → E, we get a ommutative
diagram of surjetive holomorphi maps
C
X
h ✲ E
g✻
f
❅
❅
❅❘
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where C is a ompat urve, f has onneted bers, and g has nite bers. In partiular,
C is of positive genus. Applying Lemma 1.1, we get the exat sequene
1 → K → F = pi1(X) → pi
orb
1 (C) → 1,
where K is nitely generated. Thus F/K ∼= piorb1 (C). Now F is not oompat Fuhsian.
For, if F were oompat Fuhsian, then, sine F is torsion-free (property 1), F would be
the fundamental group of a urve of genus at least 2 and hene F would have Abelianization
of rank at least 4 (ontraditing property 4). F also annot be isomorphi to Z2 beause the
subgroup F
om
is not nitely generated (property 2). Thus K is nontrivial and, therefore,
K ontains the ommutator subgroup F
om
(property 3). Therefore piorb1 (C) is a quotient of
the Abelianization F/F
om
∼= Z2. In partiular, sine oompat Fuhsian groups are non-
Abelian, piorb1 (C) must be isomorphi to Z
2
and hene annot be isomorphi to a proper
quotient of Z2. Thus we must have piorb1 (C) = F/Fom; that is, K = Fom. But this is
impossible beause F
om
is not nitely generated (property 2). 
2. Seond proof
We rst onsider the following:
Theorem 2.1. Given a onneted ompat Kähler manifold X and an exat sequene
(∗) 1 → N → pi1(X)
ρ
→ Z → 1
with N not nitely generated, we get an exat sequene
(∗∗) 1 → K → pi1(X) → Γ → 1,
where Γ is a oompat Fuhsian group of a urve of positive genus and K is nitely
generated.
Proof. By Theorem 4.3 of [NR℄, there is a surjetive holomorphi map with onneted
bers to a urve of positive genus f : X → C and a fatorization
Z
pi1(X)
f∗✲ piorb1 (C)
ρ′
❄ρ
❅
❅
❅
❅❘
By Lemma 1.1, we have an exat sequene 1 → K → pi1(X) → pi
orb
1 (C) → 1, where K
is nitely generated. Sine K is nitely generated but N is not, ker(ρ′) ∼= N/K is not
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nitely generated. It follows that Γ = piorb1 (C) is a oompat Fuhsian group, sine every
subgroup of Z2 is nitely generated. 
Proof of Theorem 0.2. It sues to prove that G is not Kähler, beause any nite overing
of a ompat Kähler manifold is ompat Kähler. If there exists a onneted ompat
Kähler manifold X with pi1(X) = G, then, sine G is a properly asending HNN extension
(property (ii)), we get an exat sequene of the form (∗) as in Theorem 2.1 and, therefore, we
get an exat sequene of the form (∗∗). If K is nontrivial, then K ontains the ommutator
subgroup (property (i)). But a oompat Fuhsian group annot be Abelian, so we arrive
at a ontradition. IfK is trivial, then G is oompat Fuhsian and, therefore, by Malev's
theorem, residually nite; i.e. for any element g 6= 1, there is a nite homomorphi image
of G in whih the image of g is not the identity (for an elementary proof, see [Al℄). Taking
g ∈ G
om
\ {1}, we get a non-Abelian nite homomorphi image. Thus we again arrive at
a ontradition to property (i). Therefore, G is not Kähler. 
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